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ABSTRACT 
Given a graph and a polynomial, a matrix can be constructed by evaluating the 
polynomial with the adjacency matrix of the graph. When will the resulting matrix be 
the adjacency matrix of another graph? We answer this question for orbit polynomial 
graphs. We then investigate a conjecture of Weichsel relating the automorphism 
groups and eigenvalues of a graph G and another graph generated from G by a 
polynomial. For vertex-transitive graphs with a prime number of vertices the conjec- 
ture is true, but we also provide examples where it is false. 
Given a graph and a polynomial, one can construct a new matrix by 
evaluating the polynomial with the adjacency matrix of the graph. When will 
the result be the adjacency matrix of a graph, and which graphs can be 
formed in this manner? For distance-regular graphs the answer is easy. 
resulting graphs will be the various ums of the distance graphs of the ori 
graph. In [3], Weichsel considered the above question, especially in terms of 
the eigenvalues and automorphism groups of the two graph 
extend his results to orbit polynomial graphs, and provide b 
negative results on a conjecture relating the automorphism group and eigen- 
generated by a polynomial. 
G let A(G) denote the Q-l adjacency matrix of the 
rtex set of a graph to index the 
of an adjacency matrix. e &at a graph 
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Ioops, so the diagonal of A(G) wi.U be all zeros.] The adjacency algebra of a 
graph is the set of all polynomials with complex coefficients, in A(G), and 
will be denoted by d(G). For a graph G and a polynomial p(x), the 
notation p(G) will denote the matrix p( A(G)). If the matrix p(G) is the 
adjacency matrix of a graph, then p(G) wil.I also represent he resultant 
graph. The definition of an orbit polynomial graph will require the following 
action of the automorphism group of G on VG x VG: for 0 E Aut(G), 
a@, U) = (a( u), a(u)). Let Co, C,, . . . , Cm be the orbits of this action, and 
define the matrices Ai by 
(A) ( 1 = if (u,D)ECi, i UP) 
0 otherwise. 
EFINITION 1.1. A graph G is orbit poZyz-omial if each Ai is a polyno- 
mial in A(G), that is, Ai E d(G) for 0 < i 6 m. 
rbit polynomial graphs are a natural generalization ~6 &tance-transitive 
graphs. To see this, suppose that G is a distance-transitive graph. Then the 
orbits can be ordered in the natural way SO that the matrix Ai is the 
adjacency matrix of the graph Gi whose edges join vertices which are a 
distance i apart in G. (The graph Gi is known as a distance graph of G.) 
Since G is distance-transitive, the adjacency matrix of each distance graph is 
equal to a polynomial of degree i in A(G). Thus, every distance-transitive 
graph is orbit polynomial. 
Let e(G) be the number of distinct eigenvalues of a graph G, and let 
o(G) be the number of orbits in the action given above. Then we have the 
following characterization of orbit polynomial graphs. (Proofs for the next 
two results and later results about orbit polynomial graphs can be found in 
[1,2]“) 
HEOREM 1.2 [ 11. For a graph. G, the fohwing are equivalent. 
(i) G is orbit polynomial. 
0 ii ) = o(G). . . . 
( ) 111 e set (Ail0 < i < m} is a basis for d(G). 
We also have 
HEOREM 1.3 [l]. An orbit polynomial graph is connected and vertex- 
transitive . 
is vertex-transitive, the set { ( u, u )I u E 
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ING GRAPHS FROM ORBIT POLYNOMIAL GRAPHS 
This section contains two results which are similar to two theorems from 
133. These theorems were originally stated for distance-regular graphs, and 
their proofs depend on the fact that the adjacency algebra of a distance-regu- 
lar graph has a basis equal to the set of adjacency matrices of the distance 
graphs. Here we make use of the similar property of orbit polynomial graphs 
stated in Theorem l.Z(iii). The versions below are not generalizations of the 
versions for distance-regular graphs, since in general, adistance-redar graph 
is not orbit polynomial. However, for distance-transitive graphs the conclu- 
sions of both theorems are identical. 
THEOREM 2.1. Suppose that G is an orbit polynomial graph and p(x) is 
a polynomial. Then p(G) is the ad@xmcy matrix of a graph if and only if 
p(A(G))=Cy!!raiAi, where ai E (O,l). 
Pro06 = : Since the matrices Ai are O-l matrices, and the orbits 
C&r,“‘, Cm form a partition of VG X VG, Cr!iaiAi will be a O-l matrix. 
Because G is orbit polynomial, and the identity matrix has been excluded 
from the sum, the diagonal will be zero. Thus, the sum is the adjacency 
matrix of a graph. 
-r. : PWW) is an element of d(G), and therefore by Theorem 1.2 we 
CZIII write &A(G)) =Ey’!oaiAi. For 0 < k < m choose r and s such that 
(v,, v,) E Ck* Then [p(A(G))],, = [CLoaiAilzs = ak[Aklts = ak. If k = 0, 
then T = s, and we find that a0 = 0. If 1~ k \< m, then ak = [A(p(G))],, E 
(0, I}* 
Our second result is 
THEOREM 2.2. Suppose thut G is an orbit polynomial graph, and H is 
another graph with VH = VG. l%en Aut(G) c Aut( H) if and only if H = 
p(G) for some polynomial p(x). 
Proof. = : Recall that a matrix is the permutation representation f an 
element of the automorphism group of a graph if and only if it commutes 
with the adjacency matrix of the 
be the permutation matrix for 0 
@P(W)) = PGW)) 
therefo 
*: e orbits of the action 
Choose an edge ( U, o } o 
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sm of 6, then (a(u),a(u)) e Ck. ecause u is also an 
we have (o(u), a(v)> E Epf. *N Aut(G) acts transi- 
tivelyonCk,sowefindthat {(w,z)~(w,~)~C~) . By considering in 
s manner every edge of , we have A(H)=Cr’!. where ai E (OJ). 
ecause G is orbit ia!, each Ai is a polynomial in A(G). Thus, 
j can be expressed as a polynomial in A(G). 
3. A ISM GROUPS AND SPECTRA 
ere are many connections between the spectrum of a graph and its 
automorphism group. Here we will be interested in the situation where 
this case it often happens that Aut(G) = Aut( H) and e(G) = 
el has conjectured that when G and H are connected and G is 
regular, then the equality of <he groups implies equality for the number of 
distinct eigenvalues. In this section we will present some results on this 
conjecture. We start with a definition. Let spec(G) denote the set of distinct 
eigenvalues of a graph G. 
EFINITION 3.1. A polynomial p(x) respects pec(G) if for A i, Xi E 
~pec(G) with i f: j we have p(X,) # p(Xj). 
EMMA 3.2. Suppose that H and G are graphs, and p(x) is a polynomial 
such that H = p(G). Then p(x) respects spec(G) if and only if e( H) = e(G). 
Proof. Notice that if X is an eigenvalue of G, then p(X) will be an 
eigenvalue of p(G) = H. Using a basis of eigenvectors for G, we can show 
j = (p(A)jh E spec(G)). So, in general e(H) < e(G). Equality in 
this relation is equivalent to p(x) respecting spec( G). 
e conjecture we will investigate is the following. 
CONJECTURE 3.3 [3]. Sup se that G is regular and connected, and p(x) 
nomial such that p(G) is a connected graph, and Aut(G) = 
j. Then p( x j respects pec(G). 
will need the following result on graphs with a prime number of 
vertices. 
a prime number of uertices. 
ected and vertex-transitive. 
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THEOREM 3.5. Suppose t?mt G is a connected, uertext-transitive graph 
with a prime number of u&ices. ZRt p(x) be a polynomial such that p(G) is 
a connected graph, and Aut(G) = Aut(p(G)). Then p(x) mpects spec(G). 
PRX#. If G is connected and vertex-transitive on a prime number of 
vertices, then G is orbit polynomial, and by Theorem 1.2, e(G) = o(G). 
Because Aut( G) = Aut( p( G)), we have o(G) = o( p( G)), and p(G) wiu be a 
vertex-transitive graph. Thus, p(G) is a connected, vertex-transitive graph on 
a prime number of vertices, and therefore is orbit polynomial. This gives 
o( p(G)) = e( p( G)). Combining these equalities, we have 
e(G) = O(G) = o(p(G)) = e(p(G)). 
By ERmma 3.1, this is equivalent to p(x) respecting spec(G). 
While the last result establishes the truth of the conjecture for vertex-tran- 
sitive graphs on a prime number of vertices, it is not true in general for all 
orbit polynomial graphs, as the next example shows. We first need a result on 
trivalent orbit polynomial graphs. Cn x K, is the usual Cartesian product of a 
circuit and an edge, and Wzn is the “wheel graph” or the “Mabius ladder.” 
THEOREM 3.6 [l]. 
(i) Cn X K, is mbit polynomial if and only if n = 4 or n = 1,2,3,5, 7,9, 
10, or 11 (mod 12). 
(ii) Wzn is orbit polynomial if and only if n = 2 or 3 or n = 0, 1,4,5, 7, 
8, or 11 (mod 12). 
EXAMPLE 3.7. Consider the connected, regukr graph GQ X K,. I’wo of 
the orbits of the action of Aut(C, x K,) are represe 
and H, in Figures 1-4. [Th s, A( Hi) = Ai.] Let 
EH = EH, u EH,. Notice that is the connected gra 
is orbit polynomial, there exists a polynomial p(x) = pi(z) + pz( X) such that 
) = P,(A(G)) + P,@W = PMG x 
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FIG. 2. The graph Hz. 
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FIG. 3. The graph cs X Cz. 
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FIG. 4. The graph W18- 
be eastiy generabzed to show that C9+ 12m X K2 will 
true in general, it does 
interesting to 
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